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In investigations of the buckling of bars beyond the elastic range by
von Karman [1] and by Shanley [2], one is required to know only the
material properties at a given value of the critical force; the latter
may depend upon the tangent and secant moduli at a given point on the o,
€ curve and on the modulus of elasticity (and, it goes without saying,
also on the bar geometry). Thus the Bauschinger effect, which appears as
a consequence of the acquired anisotropy of the material, is not taken
into account. This fact suggests approximations in the work of von Karman
and Shanley. The present paper, following an idea of Leibenzon [3] and
Ishlinskii [4] considers the problem of the buckling of a uniformly com-
pressed strip in the case of plane strain.

The Shanley representation [2] is used.

It “is shown that for other conditions being equal, the critical force
does not depend on the nature of the acquired anisotropy.

We consider a rectangular strip with sides a and b, compressed by a
uniformly distributed load of intensity p (Fig. 1). We employ the
plasticity relations of Prager [5] and of Ishlinskii [6]. We take the
plasticity condition in the form [7]
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Fig. 1.

where Uij are the stress components, Eij the
strain components.

Here and in the future, square brackets in the indices denote values
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relating to the plastic range and curved brackets to the elastic range;
they are omitted where not required.

The associated relations of plastic flow take the form

g 03 _ %y} . @
(6, — ce[x]) — (cy — ce[u]) (cy — cem) — (6, — ce[x]) —2 (rxv — ca[xu])

The total strain is the sum of its components

& = Eij) 1 Bpij) )

For simplicity we shall consider the material to be incompressible.

Relations (1) and (2) in the general case determine the behavior of
an anisotropic strain hardening material for which the flow surface dis-
places and widens (Fig. 2a). In the case f = const the flow surface
moves as a rigid whole (Fig. 2b). In the case ¢ = 0 the strain hardening
is isotropic and the flow surface varies in the same way (Fig. 2¢).

By limiting ourselves to the case of linear strain hardening, the
plasticity condition (1) takes the form

Vi, — cBrey) — (O — ey P -+ 4 (T, — Cerryy)?® = 2t + d-Y (61— &) + 48y’ (1)

where ¢, d and k are constants.

For a strip compressed into the plastic range, the relations

hold up to the buckling load.

The relation between the compressive load p and the compressive strain
€, is obtained from (3), (4) and (5):
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—p<1—%—c—;d>=2k+2(c+d)ex (6)

Consequently, if the quantity ¢ + d is a certain
fixed constant ¢ (tangent modulus), then the nature
of the relation of —p to €, is one and the same for
any plasticity condition (4); i.e. compression ex-
periments do not permit the determination of which
plasticity condition (4) holds.

Figure 3 shows the relation of —p to €. for the flow conditions of
Fig. 2.

It is clear that the critical force will either depend upon the value
of ¢ alone or also upon it and the values of ¢ and d.

Assume that buckling of the strip occurs for p = p*.

We seek a solution of the problem in the form
Gy ==0,0+35, ..., e, =g e, ., u=u+u, . .. (7)

The components with Zero superscripts determine the state of stress
and strain up to the buckling load and are given by Formulas (5) and (6).
The components with primed superscripts are those introduced by the
buckling. The problem reduces to the determination of these components.

The equation of equilibrium has the form

- s
2x aTxu Xy U

Tor Ty =0 ety = )

The increments SE[ij] appear in the relations of th: plasticity law,
Equation (2). During bucklirg the components of induced strain are small
and coincide with the strain increments, so that one must take

A = &)

By linearization of relations (2) and (4) for plastic strain compo-
nents we shall have
X

G, — g, = 2q£[x], Erey] = 0 t9)

By use of the relations of the law of elastic strain from (9) and by
taking account of (3), we obtain

T, = 2G¢e (10)
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For the induced state there are the boundary conditions

, av’
5,/ =0, Ty T P55 =0 wheny =0, y=5 (1D

By assuming that u' = 90/0y, v’ = — 00/0z, we satisfy the equation
of incompressibility. For determination of the function @(x, y) from ()
and (10), taking account of the relations between strains and displace-
ments, we obtain the equation

(T(D Aty a4 ot —q2G
R ek N S 1)

The general integral of Equation (12) has the form
@ (z, ¥) = [C1Y1(y) + Co¥ 2 (y) + Ca¥ 3 (y) + Ca¥a (y)] cos nx (13)
Here

Y, (y) = cosh oy sin ay, Ys(y) = cosh oy cos oy
Y3 (y) = sinh oyy cos aay, Y4 (y) == sinh a1y sin asy

where a; = nV [(1 - B%)/2), o, = a¥ [(1 + /2], ¢

i (1 =1, 2, 3, 4) are
arbitrary constants of integration.

By expressing the stress and displacement components in terms of the
function (13) and substitution into the boundary conditions (11), we ob-
tain a homogeneous linear system of algebraic equations in the Cf

During buckling C; # 0, therefore the determinant of the system is
equal to zero. From this we have the equation giving the value of the
critical force

((lg}l)sinhd}_lf ~— {a1b) sin d‘_‘IZ
(o2b) sin azb

Y3

(1 = p*/G) (14)

At the edges of the strip we take n = mm/e in order to satisfy the
geometrical conditions; m is the number of half waves (m » 1). By taking
the width of the strip sufficiently small and by expanding the right-
hand side of (14) in series we obtain the formula

1 — B4 meneh?

TR T @ ()

in which second order terms have been retained.

Consider the ratio n = [y]/(y), where [y] is known from (15) and (y)
from the Bryan formula for elastic buckling of a strip. Then it follows
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from (15) that

.9
=36 +4¢
Thus, the critical force depends only on the constants G and ¢ (which
also follows from the buckling theory for bars).

The parameter ¢, characterizing the effect of the acquired anisotropy
(Bauschinger effect) does not appear in the expression for the critical
force.

The author thanks A.Ju. Ishlinskii for comments on this work.
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